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Abstract. We construct an effective algorithmic method to compute the ho- 
mological monodromy of a complex polynomial which is tame. As an applica- 
tion we show the existence of conjugated polynomials in a number field which 
are not topologically equivalent. 

1. Introduction 

Let / : C" — > C be a polynomial function. It induces a locally trivial fibration 
over C \ Bf with Bf the minimal finite bifurcation set; this is a consequence of 
Thorn's work [2E| and a proof can be found in |2s3 Appendix Al] or Corol- 
lary 5.1]. Let T be a big disk so that Bf C Int(T) and * e dT. A classical 
construction gives us a geometric basis (7,) of 7Ti(T\ Bf; *) (see Definition 12. 2J) and 
this basis provides a direct sum decomposition of H q (f~ 1 (-k)) (reduced homology 
over Z) which depends essentially on the choice of (7^) (see |H1E1E1ES1EI[26 for 
varius degrees of generality). With this sum decomposition and if / has only isolated 
singularities, local monodromy (/i 7i )» has a block decomposition. There are two 
kinds of blocks: local blocks which only depend on the local Milnor fibers and global 
blocks which depend on the embedings of the local Milnor fibers into the fixed regu- 
lar fiber / _1 (*). There are several papers dealing with the local blocks and how to 
compute them, for example, Brieskorn singularities by A. Hefez and F. Lazzari 21 , 
certain singularities and unimodal singularities by A. M. Gabrielov |15lllfij and gen- 
eral methods like the one which uses real morsifications due to N. A'Campo |2] 
and S. M. Gusein-Zade |191 12U| and the one which uses an inductive argument due 
to A. M. Gabrielov ^7j. This is not the situation for the global blocks. There 
are some relations between local and global blocks (see W. Neumann and P. Nor- 
bury |23l Theorem 3.3]) which can give useful constraints but, nevertheless, usually 
these data are computed depending on the particular polynomial / and a practical 
complete algorithmic method does not exist in the literature. 

Specially interesting is the case of conjugated polynomials in a number field, 
i.e., a polynomial with coefficients in a number field and its image by a Galois 
isomorphism of the field. Due to the Galois isomorphism both have the same alge- 
braic properties (degree, number of components, global Milnor number, Alexander 
polynomials, types and position of singularities, ...). In order to topologically dis- 
tinguish these polynomials it seems a good idea to compute the global blocks, since 
they reflect how the Milnor fibers sit in the fixed regular fiber and this need not be 
invariant under Galois isomorphims. 

We have constructed a practical complete algorithmic method to compute local 
monodromies for a tame polynomial / with n = 2 (see S. A. Broughton [!|| Defini- 
tion 3.1]). This implies that there exist morsifications f of f whose regular fibers 
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arc diffcomorphic, and £>/ = {ti} contains only critical values coming from affinc 
singularities. This way we can compute the local monodromies of / from the local 
monodromies of /. To obtain the block decomposition of the local monodromies 
(/i 7i )* we need to consider special geometric bases of 7Ti(T \Br,*) associated with 
(li)- We can construct this basis as follows. Let (ti,-ki,ri, Si, Di) be the elements 
associated with 7, (see Figure EJ. For a sufficiently small deformation /, BitlDi is 




Figure 1. 

the set of those critical values which belong to the morsification of the singularities 
in We order the set Bj n Di in such a way that the critical values corre- 

sponding to the morsification of the same critical point in / (ti) are together. Wc 
can consider a geometric basis (Tfe)fe=l,...,fe(-t) °f 7r i(-Ci \ BsH Di]*i) which respects 
this order so that (r, • 7^ • f^Yk^'kU) ^ s a geometric basis of 7Ti(T \ Bf; -k). Note 
that, for a fixed i, the path fj • (fj, 7L) • r" 1 is homotopic to 7, and hence the or- 
dered product of the associated local monodromies gives the block decomposition 
of (ft 7i )* (see Remark |5. 61) . Moreover, the ordered product of the (/i 7i )* produces 
the monodromy at infinity. 

We will then construct a method to compute the local monodromies for a tame 
Morse function. Hence we can assume / to be this tame Morse function. Let 
Df := {(t,x) € C 2 I discrim s (/(x, y)— t) = 0} be the curve discriminant of the polar 
mapping <j>f >x : C 2 — > C 2 , (a;, y) 1— > (t, x) := (/(x, y), x). The method needs two data 
which depend on D f. The first one is the classical monodromy m of the projection 
7r| : / _1 (*) — > C, (x, y) 1—* x, in particular we need to know the transpositions given 
by a geometric basis (/x ra ) associated with the ramification points of 7r|/-i(*) (the set 
of fc points given by Df n {t = *}). The second ingredient is the braid monodromy 
V of the projection n\ : Df — > C, (t, x) 1— * t, in particular we need to know the 
braids determined by the geometric basis (7,). The computation of these data can 
be done with the help of computer programs such as |H] and |10| . Since our method 
uses strongly the discriminant curve D f we call it the discriminant method. 

In the following we sketch our method. Let be the free group of k genera- 
tors: fix, ... ,11^ and let be the braid group on k strings given by the following 
representation 

(eri, . . . , tjfc-i I [o-i,o-j] = 1 if \i — j\ > 2,a i+ iCTiO- i+ i = aia i+ xai,i = 1, . . . , k - 2) . 

Since / is a Morse polynomial, the braid V(t() can be written as a conjugate of 
any basis element <7j. Let Pi be the element which conjugates, for example, a± (this 
can be obtained from the braid monodromy calculated above). There is a natural 
right action $ : x B& — > such that 

fi i+1 ■ (ii ■ fir^ if j = i + 1 
fij ifj^i,« + l, 
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in exponential notation. We compute the elements [i± and yS^ and denote by 5, 

their product. Note that Si (resp. d~J 3 ) is the image by tt\ of a path in 
defining a vanishing 1-cycle Aj (resp. the Picard-Lefschetz element (h 7j )* (A^)). 
We construct an appropriate model of the fiber that enables us to perform 

algebraic computations. This model allows us to express the 1-homology of the 
fiber in terms of the generators via the classical monodromy calculated 

above. Finally using the expression of Si and Sj 1 " 1 ^ in the basis (/i„) and by means 
of the 1-homology model we can express the cycles A, and (/i 7i )*(Aj) algebraically. 

We develop the discriminant method in Section^] In Sect ion Em we construct the 
aforementioned model of the fiber Afterwards, in Section FOl we explain the 

method in the Morse function case and state the main Theorem l4.10l on their local 
monodromy. Finally in Section ^. 3l wc apply the method using generic morsifications 
for the tame case. Sections and are mainly technical in order to prove the main 
theorem and its application to tame polynomials. 

In Section[3we prove the existence of non-topologically equivalent tame polyno- 
mials whose equations are conjugated in the number field Q(\/3) (we thank E. Artal 
and A. Bodin for suggesting these polynomials as worth studying). To do this we 
prove that under certain conditions, if two polynomials are topologically equivalent 
then their local monodromies should be simultaneously conjugated by the same 
invertible matrix. Using the discriminant method we completly compute local and 
global blocks in a distinguished basis of vanishing cycles and we show that such 
simultaneous conjugation does not exist. 

Finally Section [3 is devoted to setting definitions, notations and properties of 
geometric bases, braids and Hurwitz moves. 

Acknoledgement. We deeply appreciate the support and valuable ideas suggested 
by E. Artal and J.I. Cogolludo. 

2. Geometric bases, braids and Hurwitz moves 

All results and definitions in this section can be found, more extensively, in jS] 
and Notations follow 0]. 

Definition 2.1. Let S C C be a finite set of points and t G C \ S. We say the 
path ip is a meridian in C \ S of the point t v £ S and based at t a (Figure |2J if <-p 
is the union of paths r v ■ S v ■ r~ l with S v the positive oriented boundary of a disk 
D v with center t v such that D v OS — {t v } and r v path from t a to t! S S v such 
that Supp(rtp) n S = 0. If r v has not self intersections ip is said simple. 




Figure 2. 

Let 57 C C be a simple compact region, S C Int(f2) set with s points and t Q S dfl. 
We consider special families of bases in the fundamental group tti(Q \ S; t D ). 

Definition 2.2. A geometric basis of the group 7Ti($! \ S; t a ) is an ordered list 
(ipi, . . . , ip s ) such that: 

(i) (fi is a simple meridian in Q \ S based at t a defined by (t Vi , t' Vi , r Vi , S lfii , D Vi ) . 

(ii) Supp(</?i) n Supp((y5j) = {t } for all i, j with i ^ j. 
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(iii) ip s ■ ... ■ (pi is homotopic to <9f2 which is positively oriented (product from left 
to right). 

Example 2.3. Let X be a geometric disk centered at € C such that {1,2, ... ,k} C 
Int(A). Let * £ dX n M + . Figure shows a list of meridians (/ii, . . . defining 
a geometric basis of tt\(X \ {i, 2, . . . , fc}; *). ■ 




Figure 3. 



Definition 2.4. Let V be the topological space of sets with k different points in C. 
We write B(s 1 , s 2 ), s 1 , s 2 £ V, the set of braids which start at s 1 and end at s 2 . As 
it is usual we denote simply by B& the group B({1, . . . , k}, {1, . . . , k}). 

Proposition 2.5. The group B& is generated by elements (Xj,j = l,...,fc — 1 
(Figure ^j) with relations [<Ti,(Tj] = 1 if \i — j\ > 2 and Oi + io-iOi+\ — GiGi + iUi, 
i= l,...,k-2. 




Figure 4. Braid a 3 . 



Definition 2.6. A base set of braids D is a set such that for every s € V there 
exists a unique braid r Si o G O with r Si o € B({1, . . . , fc}, s). 

Notation 2.7. Let V € (0,7r). 

• Define by 7r^,(z) := 3?(z) — (3(z)/ tan(-i/>)) a certain projection of C onto K. 
Let the lexicographic order <^ in C (Figure EJ given by 

z <^ w 7r^(z) < tt^(w) or TT^(z) = TTtf,{w) and 5s (z) < 5s(w). 




Figure 5. The two cases z <^ w. 

• For s e V wc consider the fc-tuple s(ip) :— (si, . . . , Sfc), Sj € s, such that it 
verifies s x <^ s 2 <^ . . . <^ s k . 

• We denote by V(ip) the set of lists s(ip),s 6 V. 

• We denote by 0(ij)) a base set of braids such that every t SjJ o(^) has a set 
of strands {oti, . . . with (ai(u), . . . , afc(u)) € V(i/j),Vu 6 [0,1], and 
«i(0) = i, = For instance aj(w) = Sj • u + i ■ (1 — u), i = 1, . . . , k. 
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Let s 1 , s 2 £ V and D a base set of braids. One can define the bijection 

B(s\s 2 ) B fc , THr slifl rr^=:T(£)) 

Proposition 2.8. 

(a) !•.«.£) *s isomorphism of grupoids. 

(b) Let D and D base sets of braids and r G B(s 1 ,s 2 ) then 

In fact if s 1 = s 2 , braids r(D) and t(D) are conjugated in B^. 

Let t € B(s 1 , s 2 ), X a disk such that s 1 U s 2 C Int(X) and * e <9Jf. 

Definition 2.9. A map H : Cx [0, 1] — > C is said a (s 1 , s 2 )-special isotopy associated 
with t if H(u,u), u fix, is a preserving orientation homomorphism so that is the 
identity in C \ Int(A) and -ff| s i x [o,i] defines the braid r. 

Definition 2.10. We define the Hurwitz move associated with r as the isomorphism 

f T : m(X \ s 1 ; *) -» tti(X \ s 2 ; *), g ^ * T ( e ) =: ^ 
which defines a (s 1 , s 2 )-special isotopy associated with r and we denote by 

$ s i, s 2 : TTipf \ s 1 ; *) x B(s\ s 2 ) -» 7n(X \ s 2 ; *) 
the right grupo'id action defined by Hurwitz moves. 

Example 2.11. Let us consider the situation given in Example 12.31 The action 
^x.x is defined by 

{tM+i if j = i 

fH+i ■ Mi ' Mi+i if 3 = i + 1 
Mj if j ^ i, i + 1. 

Also note that for any base set of braids D we have the commutative diagram 
7r 1 (A\s 1 ;*) x B(s\s 2 ) 7n(A\s 2 ;*) 



(2.3) 







tti(X \ {1, . . ., fc}; *) x B fc tti(X \ {1, . . . , fc}; *) 



From Proposition 12 . 51 and action l|2.2|l we have the following lemma. 

Lemma 2.12. Let a s := (aiu\) (173(72) . . . (ct s <7 s _i) € B&, s = 2, . . . , k — 1. Then: 

(a) a s = aj 1 a 1 a s . 

(b) i± s = and ^ s+i = ^J? 3 . 

3. Discriminant properties 

Let / € C[x, y] be a monic polynomial of degree ./V in the variable y with isolated 
singularities. Let 

cPfj :C 2 ^C 2 , {x,y)~(f(x,y),l{x,y)) 

the polar map associated with /. We take the linear form l(x,y) = x. In this case 
the discriminant curve Df of </)/ jX (i.e., the image of the critical locus of <fif }X ) has 
the equation 

df(t,x) := discrim y (/(a:, y) — t) € C[i, a:]. 
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Notation 3.1. We denote by IM ,x the sum of Milnor numbers of the singularities 
in f^ 1 (t Q ) whose projection onto the first variable x is x Q € C. 

Lemma 3.2. Let r be the number of different roots of f(0,y). Then the discrimi- 
nant df(t, x) is x-regular of degree /io.o + N — r and t-regular of degree N — r. 

Proof. Let yj G C,j = 1, . . . ,r, root of /(0, y) with multiplicity Nj. By Hensel's 
Lemma ^| page 44] we write f(x,y) = Y[j=i Pj{ x iy)i x € B, with D small disk 
centered at € C and Pj(x, y) Weierstrass polynomial centered at (0, yj) of degree 
Nj in the variable y. As / -1 (0) has isolated singularities then Pj is reduced and 
so discrimj,(Pj) is not zero and we deduce that t does not divide discrim a (Pj — t). 
Then discrimy (P, — t) is x-regular of degree [23 page 317] 

(3.1) ^ Pj ) + Nj -i. 

By properties of the resultant we have 

discrimj / (PiP 7 ) = (results, (P^ , Pj)) 2 discrim y (Pi) discrim y (Pj) 

where resultj,(Pj, Pj) € C{x} is a unit because Pj and Pj do not share their Puiseux 
series. Then we deduce that the degree of df(0, x) is the sum of the degrees of 
discrim y (Pj), j = 1, . . . , r, and finally by Ij3.1|l d/(t, x) is a;- regular of degree 

T" 

J2(KPj) + Nj-l) = »a,o + N-r. 

3=1 

For the second part of the lemma we note that /(0, y) and /'(0, y) share yj as root 
of multiplicity Nj — 1. Then df(t,0) has as a root of multiplicity X^=i(-^Yj — 1) = 
N — r. Then <i/(£, x) is i- regular of degree N — r. □ 

Corollary 3.3. Under the notation of Lemm,a \H. gl the germ (23/, 0) is empty if and 
only if N — r, it is smooth if and only if N — r + 1 and it is singular if and only if 
N > r + 1. Moreover, in the case N > r + 1 the line {t = 0} belongs to its tangent 
cone if and only if /^o,o > 0. 

Corollary 3.4. The point £ C is a critical value of f if and only if {t = 0} 
belongs to the tangent cone of 23/. 

Proof. The point [p x ,Py) € / (0) is a critical point if and only if /J,o tPj . > and 
by Corollary 13.31 (at the point (0,p x ) by change of variable) if and only if {t = 0} 
belongs to the tangent cone of 53/. □ 

Corollary 3.5. Let assume that the line {t = 0} is tangent at only one point p of 
Df. If p is smooth and (23/, {f = 0}) p = 2 then / _1 (0) only has one singular point 
which is no degenerate. 

Proof. Without loss of generality we can suppose that p = G C 2 . As multiplicity 
of {t = 0} in 23/ is 2 then df(t,x) is x-regular of degree 2. Also as G 23/ is a 
smooth no inflection point by Corollary 13. 31 we have N = r + 1 then by Lemma EQ1 
we have /io,o + N — r = 2 so /io,o = L Then there is only one no degenerate 
singular point in / _1 (0) with projection onto the first variable G C. Finally, by 
Corollary 13.31 there is not other singular point in / _1 (0) because {t = 0} is only 
tangent at G 23/ . □ 

Lemma 3.6. Let us denote by f\(x,y) :— f(x + Xy,y). For almost every A G C the 
discriminant 23 t x is a reduced curve in B X C with B small disk centered at G C. 

Proof. The polynomials f\(x, y) have only isolated singularities in the zero fiber for 
every A G C. We consider df x (t,x) G C[i,x,A] as a polynomial in the variable x. 
By Lemma 13.21 this polynomial is not zero for any (t, A) G B x C with D small 
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disk centered at G C. We reduce D if necessary such that f~ l {t') is smooth for 
every i'gB \ {0}. We consider discrim a; (ci/ A (t, x)) G C[t, A] as a polynomial in the 
variable A. If this polynomial is not zero in D then A G C is a root (for every 
t € D) if and only if the polynomial df x (t, x) is not reduced. Then for A ^ A Q the 
discriminant T> f x is reduced in D x C. Therefore lemma will be proved if it exists 
a point t ED \ {0} such that discrim x (df x (t a ,x)) is not zero. 

Let Fx,t a homogeneous polynomial associated with fx — t ,t G D \ {0}. The 
projective curve Z(Fxj ) is smooth except for maybe at a finite number of points 
on the line at infinity {z = 0}. We can decompose Z(Fo, to ) — C U C where C is the 
line components in Z(Fo ito ). The projective curve C (without lines as components) 
has a finite number C of tangent lines at inflection points and bitangent at smooth 
points (see, for example, Theorem 1, Section 7.3]). Let {a,iX + biy + = 0} 
the union C U C. Then only the lines {cii(x + Ay) + biy + ciz = 0} are tangent 
lines at inflection points or bitangent at smooth points of Z(Fx j t a ) for every A G C. 
Let A 7^ The lines {ax + cz = 0} are not tangent lines at inflection points or 

bitangent at smooth points of Z(Fx,t a ), so the line {ax + c = 0} cut to the affine 
curve f\ {to) in a traversal way or it is tangent at only one smooth no inflection 
point. Then the projection of fx~ 1 (to) onto the variable x has as ramification points 
x Q G C such as the line {x = x } is tangent at only one smooth point of fx (to) 
and so df x (t ,x) is reduced and discrim^G?^ (i Q , x)) ^ 0. □ 



4. Discriminant method 

Let / be as at the beginning of Section|3| Let P be the set of isolated singularities 
of /. We fix T a geometric disk in C such that f(P) C Int(T) and M := X x Y a 
2-dimensional polydisk with X and Y geometric disks such as: 

(1) P C Intpf) x Int(y) and DM n ^(T) efflx Int(F). 

(2) For every t G T the projection 

(4.1) n\ Vt(f) :Vt(f)-+X, (x,y) ~ x, 

with Vt(f) := / _1 (()nM, is a covering map with TV sheets and ramification 
points x* := {x\, . . . ,a;L t) } C Int(Jf), k(t) G N. 

(3) x := {1, ...,&} C lnt(X) where k is the degree of the projection 

(4.2) Tr\ Vf : Df — ► T, (t,x)^t, 

ramified in a set T (note that k(t) = k if t G T \ T). 

Note 4.1. We are interested in the discriminant curve iaTxI then as Ij4.1|l has 
its ramification points in Int(X), we write Df as Df D (T x X). Also x C Int(X) 
is a technical hypothesis due to taking as our base group of braids. 

By Corollary 13. 41 the projection of the set of points in Df with vertical tangent 
line is f(P) then f(P) C T. Finally by Note 14.11 2)/ has no vertical asymptotes so 
T = f(P) U Tsing with Tsi n g projection onto the first variable of Sing(J) f). 

Let t G T \ T. Associated with we can define the action 

(4.3) (7f| S/ )* ■■7r 1 (T\r ; t) ^B(x*,x t ) 

given by ^\^ l f (t') — {t'} x Tr\x> f (f), t' G C,. If we fix O a base set of braids we have 
by composition the braid monodromy 

( 4 - 4 ) V. „ :n(T\ T: t) HM. xM I °- < - < , lffit 



V t ,o :7ri(T\T;t) i— » B(x t ,x t ) 

The indices D and i will be dropped if they are clear from the context. 



8 



M. ESCARIO 



4.1. A model of the regular fiber. Let us consider t € T\T and (<pi, . . . , tpk) 

geometric basis of wi(X \ x*; *), * £ dX. We lift in V t (f) (according to l|4.1Jl ) the 

sets 

|J Supp(<pi)UD Vi \{ Xtpi } aadX\ (J (SuppfaO U D 9i ) 

l<i<k l<i<k 

and we glue them with the lifting of tp k ■ ... ■ ip 1 . With this we obtain a topological 
model of 14(/)\ 7 r| v ; t 1 (/) (x*) that can be extended to Vt(f) by gluing the lifting of x*. 

Notation 4.2. We denote by mt : iti(X \ x*; *) — » E^v the classical monodromy 
associated with H4.ll and by Z m *( Q ) the image of I 6 {1, . . . , N} by the permutation 
m t (a),a € 7Ti(X \ x*; *). 

In this subsection we consider the following hypothesis. 

Hypothesis 4.3. The permutations m t (ipi) are transpositions (aj, bi) with ^ bi 
and 1 < dj, 6.J < iV. 

Notation 4.4. For every i = 1, . . . , k and I = 1, . . . , N we denote by: 

(1) . . . , (*,yjv) the lifting of * e dX in V;(/). 

(2) (a); the lifting based at (*, yi) of the path a with support in X \ x* and based 
at * e 

(3) (Di)i the compact component of the lifting of Supp(<^) U D Vi in Vt(f) which 
has the point (*,yi),l ^ ai,bi, and {Di)j with Z := min{ai,&i} (minimum by 
convention) which has the points {*,y ai ) and (*,J/6 i ). 

The topological model of Vt(f) defines a 2-dimensional CW-complex & with 
chain groups 

Co (£) :=< [1], . . • , [N] >, d(A) :=< fo), | i = 1, . . . , k , I = 1, . . . , N > and 
C 2 (&) =< (Di)i | i = 1, . . . , A;, , I = 1, . . . ,N, I 7^ max{ fll , b t } > 
and boundary operators d± and 92 defined by 

tflj^aubi 
l-l.r>! := r t(v,) ] = N - [a*] in = a« 

[ail - fel if Z = 6, 



(4.6) 5 2 (A 



(<Pi)i if min{ai, 6J 

(fi)a z + {^Pi)bi if i = min{ai, h} 

We obtain the homology Hi(V t (f)) := Z^/B^R) where Z X {R) := Kerdi and 
B\(&) := Imc?2- By (|4.6(l it has the following relations 

(4.7) (ipi)t = if I ^ at, bt and {<Pi) ai + {ipi)bi = 0. 

Lemma 4.5. T/ie patfi (<^|);,e € {1,-1}, is swc/i ttai 0i((<pf)j) = [Z™*^] - [Z] 
and its class in C\{R) / B\(R) is (tpi)i- 

Proof. By uniqueness of lifting 

((fi)^ 1 \il^ai,bi 



if i = 6* 

Then the path (<^)i as element in Ci(.ft) is 

e • {fi)bi if e = —1 and Z = a.; 
(^i)i = ■( e ' (y<)oi if e = -1 and I = b. t 
((fi)i other cases. 
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The lemma is deduced by computing d\ (as described in j4.5JI ). the equality m t ((p\) = 
mt(ipi) and using the relations lj4.7|) . □ 

Proposition 4.6. Let a = ip^ 1 ■ . . . ■ tp\ n , e s G {1, —1} expressed in the geometric 
basis and I G {1, . . . , N}. If we write in a recursive way 



l(s + 1) 



I ifs = 



then 

(a) (a); = + (<fii 2 )i(2) H 1" (<Pi n )i(n) in Ci(£)/B x (&). 

(b) (a- 1 )^) =-{a)i inCxi^/B^R). 

(c) (a); E Zi(&) if and only ifl m ^ a ) = I. 

Proof. Since (a); = s =i (Vi s )(( s )' then by the second part of Lemma 14.51 we have 
( a )i = 2^=1 (^);(») as an e l emen t 01 Ci(&) / Bi(&) so we have (j<3j). 

To prove (JEJ we proceed by induction. If n = 1 then a = ip\ . By the second part 
of Lemma 14 .51 and the equality mt(<pj) = mt(<Pi) — (a*, we have in C\(K) / B\(K) 

!0 = -(<Pi)i,l ^ ai,bi 
(<Pi)bi = -(<Pi) ai = -(^Doiji = <*i 
(fi) ai = -(<Pi)b t = — j ^ = & i 

Then JEJl is true for n = 1. We suppose Jfjjl is true for n — 1 and we denote 
a := ■ ... ■ ip\H\. Then 

and by hypothesis of induction we have in Ci (£) jB\ (8) 

(a'^mtM = (C")i(nr'"'n» + ( ,i " 1 )i-t(s) = -(vZ)l{n) - (a) i = ~(a)i. 

Hence (0 is true. 

To prove © , from the first part of Lemma 14.51 we have 

n n 

= Yl 9im:ks)) = £(P0» + 1)] - ['(*)]) = [K« + !)] - M 

s=l s=l 

then (a); G Z x (&) if and only if l(n + 1) = Z(l) = I. Finally since Z(n + 1) = l mt ^ 
we proof Q. □ 

Notation 4.7. Let D a base set of braids. Since \t Tjct is an isomorphism, for 
a G 7Ti(X\x; *) we will denote (a); and nit(a) the lifting (a 1 **- ); and permutation 
mt(a Txt '° ), if no ambiguity seems likely to arise. 

4.2. Discriminant method for a Morse polynomial. In this section we con- 
sider the following hypothesis. 

Hypothesis 4.8. 

i. / is a Morse function with critical points P = {(xi,yi)} C Int(X) x Int(F) 
and //(/) critical values f(P) = {ti} C Int(T). 

ii. Df is reduced. 

iii. If (t ,x ) G Sing(%) then i„ i f(P) U ST. 

By Hypothesis 14.81 we have T n dT = and the set Tsi ng is finite and disjoint 
with f(P). 
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Definition 4.9. A list of paths (71, . . . , 7^m) is said a distinguished basis of f 
based at * E dT if it is a basis of m(T \ /(P);*) with Supp(7i) C Int(T) \ T and 
there exist homotopy representatives 7; of ji such as (71, ... , TV/)) is a geometric 
basis of 7ri(T\/(P);*). 

Theorem 4.10. Let / G C[x, y] 6e a monic polynomial of degree N in the variable 
y which satisfies Hypothesis \4-8\ and let (71, . . . >7u(/)) &e a distinguished basis of f 
based at * E c>T. Lei D be a base set of braids and (/xi, . . . , as m Examvle \2.'^\ 
with k the degree of df(t, x) in the variable x. Then for any j E {1, . . . , k}: 

(1) There exists a braid fti € B&, depending on j , such that V*.o (7^) — f3~ 1 o-jfii . 

(2) With Notation \4 ■ r \ for the isomorphism ^ Tx , D we have: 

(a) The permutation m+dij*) is a transposition (aj,&j),l < < 6,; < N. 

(b) If we denote 8 :— /ij+i • [ij C X \ x, then 

(i) (Ai, . . . , A^(/)) with Aj := (S l3i ) ai defines a distinguished basis 
of vanishing 1-cycles in Hi(V k (f)) . Also the cycle Ai is the first 
non homologically zero lifting in ((<^*)i, • ■ ■ , (5^)^). 
(ii) If we denote [3 St i :— (3 s ^*.o(ji) € Bfc, the Picard-Lefschetz 
operators (/i 7i )* satisfy (/i 7i )*(A s ) = (S^ s ' i ) ag . Also the cycle 
(/i 7i )4,(A s ) is the unique lifting in ((<^*'*)i, ■ ■ ■ , (<5 '*)iv) that can 
be written in homology as A s — nAi for some n E Z. 

We will prove Theorem OOl in Section© Note that the paths <5 ft give us the van- 
ishing cycles and ^ Sii = ^y* o(n)(^ s ) describes the Picard-Lefschetz operators. 
Hence we define: 

Definition 4.11. For i = 1, ... , paths are said vanishing paths and iso- 
morphisms 0(74) Picard-Lefschetz transformations. 

Theorem I4.1UI shows us how to compute, in an algebraic way, the elements A^ 
and (ft, 7a )*(Ai). To do this we need some extra data. To simplify notation we 
denote by 70 the identity path onto * and so we can extend the definition of the 
(3 s> i to /3 S) o := /3 s V* ! o(7o)- The extra data are: 

(a) The list of permutations (m^(ii[ x * '°), . . . , m^(/i^ x * '° )) as elements of the per- 
mutation group Eat. 

(b) If we fix, for example, j = 1, a representative of V* j o(7i),i = 1, . . . in 
the braid group B& which is written as fi~ x o\fii. 

With these data we compute A^ and (/i 7i )*(A s ) algebraically as follows: 

1) By (|2.2|) we compute the paths fj,^'" and //(j expressed in the geometric ba- 
sis (fix, . . . 

2) We compute the transposition (a s ,b s ) — m*(nf B ' oTx: * '° ) using 

3) We lift 5^"^ = ' Mi 3 '* a * the point a s as it is showed by Proposition 14. 6lja| 
(using the geometric basis (th^*' , ■ ■ ■ jm!** -0 )) to obtain Aj and (/i 7s )*(Aj). 

Items (2) and (3) above can be merged into an unique point: 

(2') For I = 1, . . . , TV, with Proposition 14. 6|af we lift (S^ s -°)i until we obtain a 
non-zero element in homology and we lift (<5' 3ii ' i )/ until it can be written in 
homology as A s — nAi for some n E Z. 

Remark 4.12. To use Theorem !4.1Ul in an effective way we can observe that: 
1) If / verifies (0) and JuJ in Hypothesis 14.81 then one can check the condition 
(t a , x ) G Sing(D /) t a f(P), as in (|mj), if either every ij is a simple root of 
the polynomial discrim x (<i/(i, a;)) E C[t] or if every V*,£)(7i) is a conjugated of 
<7i E Bfc. Finally, condition (t 0) ^o) € Sing(X)/) => t a £ dT, is true with only a 
small perturbation of T. 
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2) It is not necessary to find X in Hypothesis 14.81 explicitly. Let X C C be a 
disk with x* C Int(X) and * G dX. Let (fit, . . . , fik) be a geometric basis of 
tti(X \ x*; *) such that there exists a path r that begins at * and ends at * G C 
so that 

in the group 7i"i(C \ x*;*). Hence m*(fij) and m+((i^*'°) are conjugated by 
a permutation and if we define the braid /3 St i := r~* £,P s ,iTie.*,0 an d we write 
fj,j' ,% = fj,j\- . . . ■ e„ S {— 1, 1}, then one has 

(4.8) a 

v ' ~ei ~e m -1 -Ps.i -1 

= '••/'/ •••••/',. •'• = r ■ Mi • r . 

It is easy to prove that permutation m±(fi^' ) is a transposition, say (Sj,^), 
1 < a,; < 6,; < iV, and if we define 5 := fij+i ■ fij, the elements {S l3s ' i )a i , 
are, up to sign, (/i 7i )*(A s ). Furthermore, by (|4.8|1 . computing only 
requires computing J' 33 -* using Ij2.2|l . changing every /ij™ by and, with the 
list of permutations (m*(/ii), . . . ,m*(/Jfe)) C computing the lifting at the 
point di as it is showed by Proposition I4.6lj a1). In other words, up to sign, 
(/l 7i )*(A s ), i = 0, 1, . . . , ^(/), only needs /3 Sji and (m*(Ai), . . . , m*(/tfe)). 

3) If we decompose V^o^) = f3^ aj^)f3i for some 1 < < A:, depending 
on i, by Lemma l2.12l we obtain ~S/ +.o{li) = (l3iaj^)~ 1 <7iaj( i ' ) Pi and the equality 

Mi 3<!)A = A*f(i)' Tnen = m *(^jli)) and > ^ we define (5; := A*j(j)+i ■ 

= ^. So (<5f% and (^f sV(7l) ) Qa are A, and (/i 7j )*(A s ), again. 

Finally note that, by Picard-Lefschetz Theorem, the element n defined in Thc- 
orem |4~1 0I|2 . b . ii() is the intersection number between the vanishing cycles A s and 
Ai, i.e., n — (A s , A^). As a corollary we have: 

Corollary 4.13. Let E((jj) be the stabilizer of <7j by the action <fr x x given in l|2.2[) . 
IfS^^ 1 e E{o-j) then (A s , A;) = 0. 

Proof. In homotopy we have = <5 /3s/3 * = S 13 ' , then by Theorem 14.101 we 
have (/i 7i )»(A s ) — A s . □ 

Remark 4.14. Since J^*" 1 = <5 G S(crj) by Corollary ETT31 we have (A^Aj) = 
which is already known in the case of two variables (see for example Lemma 1.4]). 

4.3. Discriminant method for tame polynomials. In this section we consider 
the following hypothesis. 

Hypothesis 4.15. The polynomial application / is tame. 

Definition 4.16. We will call a morsification of / which satisfies Hypothesis 14.81 a 
good morsification. 

Proposition 4.17. Almost every perturbation f\^ a (x, y) '■= f(x + Ay, y) + ax of f , 
A, a G C, |A|, \a\ sufficiently small, is a good morsification of f . 

Proof. Since / has isolated singularities, by Lemma |3.6I the discriminant 3}/ A0 is 
reduced in T x C for almost every A G C. Let A G C be so that D f x is reduced 
in T x C. The polynomial /a,o is tame because / is. Then f\,o is regular at infinity 
and hence the leader coefficient of df x (i, x), as polynomial in the variable x, is a 
non-zero constant and therefore Df x has no vertical asymptotes. 
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Let |A| be small enough such that the critical points of /a,o are inside M. Since 
the discriminant curve 5}/ A has a finite number of singularities and inflection 
points in T x X , a generic linear transformation 

{(t, x) G T x C | d/ Ai0 (f - ai, t) = 0}, a G C, 

with \a\ sufficiently small, is again reduced and has no vertical asymptotes and also 
vertical lines {t — t Q }, t Q G C, are not tangent to singular points or inflection points. 
This curve is the discriminant Qf x o . 

Discriminant 2) / A a+5 , with \a\ sufficiently small, has the same properties in T x C 
that ID/ A and also every vertical line {t = t Q } is at most tangent at a smooth (non- 
inflexion) point and if it is tangent then there is no critical point on it. 

From the properties of £>/ A a+5 , Corollary 13.41 and Lemma f3. 51 one obtains that 
the polynomial f\, a +a has no degenerated singularities in /^ o+5 (T). Also, if |o + 5| 
is sufficiently small, f\ >a +a has no other singularities, because f\ is tame, and they 
are in Int(X) x Int(F). □ 

By Proposition ^. 171 we deduce the existence of good morsifications of / and thus 
we have the following theorem. 

Theorem 4.18. Local monodromies of a tame polynomial f(x,y) which is monic 
in the variable y can be computed in an algebraic effective way using a good modi- 
fication f of f and Theorem \4- 1 U\ for f. 

Remark 4.19. If / is good at infinity but not tame we can use Theorem l4. 181 with a 
good morsification / but we must distinguish between the critical values of / that 
come from the morsification of affine critical points of / and the ones that come 
from critical points at infinity of /. 

5. Topology of conjugated polynomials 

At the present section we show two polynomial applications / + and / — , conju- 
gated in a number field that are not topologically equivalent. 

5.1. A uniparametric family of polynomials. We consider the family of poly- 
nomials f s (x,y) :— c(x , y)r s [x , y) , s G C, given by the product of a cubic curve 
c(x, y) :— y 2 x — (y + l) 3 and a line r s (x, y) :— s 2 (2 s — 3) y + x — 3 s 2 . 
The polynomial f s (x,y), with s generic, is such that: 

(1) The zero fiber is singular with singularities Ai and A3. 

(2) There are critical values ff,f| 7^ with only one singularity Ai over their 
fibers. 

(3) The other fibers are smooth. 

(4) It is tame. 

Then if sj., S2 G C are generic, the polynomial applications f Si : C 2 — > C,i = 1, 2, 
are topologically equivalent because they are in a uniparametric equisingular family 
and they have the same link at infinity. 

We write the homogeneous polynomial F s (x, y, z) associated with f s (x, y). If we 
compute a Grobner basis (with respect to the lexicographic order given by (x, y, f)) 
of the ideal (F£(x, y, 1), F*(x, y, 1), F s (x, y, 1) — t), the polynomial 

(256s 2 + 256s + 64)< 2 + (-1647s 4 - 1836s 3 + 2430s 2 + 2916s + 729)< + 2916s 6 

belongs to this ideal. Its discriminant with respect to the variable t is 

-2187(s - l) 2 (s - 3 - 2v / 3) 2 (s - 3 + 2\/3) 2 (5s + 3) 2 . 

Then the critical values t\ and t% are equal if s = 3± 2y/3. We write / + := f 3 + 2 ^ 
and /~ := f 3 ^ 2 ^. These polynomials satisfy again the properties (JIJ, © an d 
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and they have only one non-zero critical value (t + := t 3+2 ^ and t := t 3 2v ^* 
respectively), with two singularities Ai in the singular fiber V t ±(/ ± ). 

Since the polynomials / + and f~ are conjugated in the number field Q(\/3), 
they have the same algebraic properties. The reason is the existence of the Galois 
isomorphism between the two of them. Also the pairs of quartics Vo(f ± ), V t ± (f^), 
and Vt(f ),t 7^ 0,t , are diffeomorphic because they have the same combinatorial 
properties (see, for example, classification in [221 Section 2.2], ^3)- ^ n what follows 
we will prove that, the polynomial applications / + and / _ , are not topologically 
equivalent. 

If / + and /~ were topologically equivalent then there would exist and 9 
homeomorphisms such that the diagram 



(5.1) 



c 2 - 


e 

> 


c 2 






♦1 




9 


1' 



is commutative. Then sends singular fibers to singular fibers and 9 critical values 
to critical values. Since both singular fibers are not homeomorphic, 9 must send 
to and t + to t~ respectively. Finally note that, using the complex conjugation 
— i z i ► z if necessary (changing by 0, and 9 by 9), we can assume that 9 preserves 
the orientation. 

Let T be a geometric disk containing and ^ , also let ★ ± € dT be regular values 
of f ± and r:[0,l]->Ca path with support in T \ {0, t~} such that r(0) = 0(*+) 
and r(l) = * _ . The pair of homeomorphism 9 and path r induces the group 
isomorphism 

6*: 7r 1 (T\{0,i+};*+) — » 7n(T\ {0, t"};*") 
7 i ► ■ 0(7) • r. 

Let h r be a diffeomorphism given by lifting the path r. The pair of homeomorphism 
and diffeomorphism h r induces the isomorphism 

©*: ffi(K+(/+)) — Hi(K-(/")) 
A 1 ^ (ft r )*(0(A)) 

of free Abelian groups of rank fi(f ± ) = £t(Ai) + //(A3) + ^(Ai) + /u(Ai) = 6. 

Let B ± be a basis in #i(I4± (/ ± )), then 0* is given by an invertible matrix 
P® G GL(6,Z) which induce the group isomorphism 

AutH 1 (V k+ (f+)) £ GL(6,Z) GL(6,Z) £* Autff^K- IT)) 

The commutativity of the diagram l|5.1|l and the isomorphisms of groups 0* and 
0* induce the commutative diagram given by the homologic monodromies of f^, 

pi ■ 7 

wi(T\{0, t+};*+) Auti/ 1 (K+(/+)) 8 - + GL(6,Z) 

(5.2) 9 .| o ]e- 

7n(C\{0,i-};*-) Autffx^-t/-)) S GL(6,Z) 

Let (71 ,7q ) be geometric bases of 7Ti(T\ {0, i*};**) where 7^ are meridians 
of and 7 X are meridians of t ± . Since 0(0) = and 9(t + ) = t~ , 0*(7q~) is 
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conjugated to 7 , 0* (7+) is conjugated to -f 1 , and 0*("1q ' 7i~) lSi conjugated to 
7(7 • 7jf • Therefore there exists 7 € 7Ti (T \ {0, t + }; -k) such that 

0.(7) • M7o + ) • M7! + ) • C 1 (7) = 7o~ ' 7i" 

Thus if we consider 

(5-3) 7+ -7.7+. 7-1, 

the new basis (7+, 7^) is such that 0*(7^) is conjugated to 7^, 0*(7 1 f ) is conjugated 
to 7^, and 0*(jq ■ 7i ) = 7(7 ' 7i~- Therefore (0*(7i ), 0*(7o )) i s a geometric basis 
of the group m(T \ {0,t - };* - ). 

By Artin Theorem, there exists a Hurwitz move that sends the geometric basis 
(0*(7i~)> 0*(7o )) t° the geometric basis (7i~,7o~)- This move must have of™ G B2, 
n G Z, as its associated braid since 0*(7j + ) and 7" are conjugated, that is, since 
fiber order must be respected. Hence 

(5-4) * ct? „(^( 7 +)) = 7 -, 

where is the Hurwitz move associated with a\ n . 

Remark 5.1. The fact that / has only two singular non-diffcomorphic fibers makes 
the study of the commutative diagram Ij5.1|l easier. For example, it was key in order 
to deduce that the Hurwitz move had to be of type af n . 

Notation 5.2. We denote by and the monodromy matrices associated 
with the operators (^ 7 ±)* and (/i 7 ±)* in the bases B ± , respectively. 

By (JOJ) we have (h^+)* = {hj)' 1 o (/i 7+ )* o (/i 7 )*. Thus, if P 7 G GL(6,Z) is 
the matrix of (/i 7 )* in the basis i3 + , then the matrices P~ 1 HqP~, and P~ 1 H^P 1 
define the monodromy operators (h^+)* and (h~ + )* in the basis S + . Then, using the 

commutative diagram (|5.2() . the matrices Pq 1 P" 1 Hq P 7 Pe and Pq 1 P~ 1 P ] f -fr-Fe 
define the monodromy operators (fi g ^~+^) t and m the basis 

We define 

"1 : = 7(7 ' 7l~> a " := a n-l ' "1 if n > L 

The isomorphism 'J 0-2,, of 7Ti(T \ {0, i - }; * _ ) is such that 

a.\ ■ g ■ a^ 1 if rt = 1 



a n ' g ' if 71 > 1 



Therefore it is an inner automorphism of 7Ti(P\ {0, t };* ). By (|5.4|l . 7. , i = 0, 1, 
are conjugated to 9*(jJ~),i = 0, 1, by the same element a n G ni(T\ {0,i~};*~). If 
we denote by P an G GL(6,Z) the associated matrix to (h an )* in the basis S~ and 
define P := P 7 PeP a „, then the matrices P~ 1 HqP and P~ 1 H^P must define the 
monodromy operators (/i 7 -)* and (/i 7 -)* in the basis £>~. 

By Notation 15.21 if / + and /~ were topologically equivalent, then they should 
satisfy P ~ = P^P+P and Pf = P^P+P where P G GL (6, Z), or analogously 

(5.5) Pff " = P + P, PPf = P x + P and det(P) ^ 0. 

5.2. Calculus of the homological monodromy. The polynomials are monic, 
of degree 4 in the variable y, and tame. In order to compute their homological 
monodromy we can use Theorem 14.181 

Since df± (t, x) is reduced (since discrim^ciyi (f, a;)) ^ 0) it is enough to consider 
f 0a (x,y) := f ± (x,y) + ax, a G C, a modification of f ± verifying Hypothesis 14.81 
for appropriate disks T, X and Y. We denote such morsifications by fj~. 
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Remark 5.3. From now on we will use in this section the lexicographic order < 7r / 2 
(see Notation I2.7JI , but for the sake of simplicity we will omit any reference to it 
in the text. Also as coefficients are in Q(\/3), we will use a computer program 
based on a method showed by J. Carmona ^0] in order to compute both the braid 
monodromy associated with the discriminant of fj~ and the classical monodromy 
m±± of 7r|y i±(/ ±)- 

The discriminant method for / . Let a := 1CP 1 be a sufficiently small constant. 
For this value is a Morse function with a reduced discriminant and without any 
vertical asymptotes (since is also tame). The critical values of / ± and are 
shown in Figure [B] (note that the critical values associated with the morsification of 
the singularities A3 and A^ over the zero fiber and the singularities A x over the 
fiber are enclosed each in a rectangle) . 



-2l 



14__., 



* 130 



FIGURE 6. Critical values of f ± and 

The points *+ := 132 and *~ := 2 are regular values of f ± and We consider 
the paths given in Figures and 







it 




/ ( • \ 




/ 72 ^\ 













74 



Figure 7. Distinguished basis for /+ with a = 10 1 and ★+ = 132. 



The list (71, ... , 76), in each figure, is a distinguished basis of based at -k^ 
whereas the list (7i = ,7o : ), is a geometric basis of ni(T\ {O,^};**) as considered 
in Section l5~T1 
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Figure 8. Distinguished basis for f a with a = 10 1 and * 



We denote b * a := a 1 ba in Bg. The braid monodromy for D ,+ is: 



(5.6) 



V*+(7l)= <T 2 *(T 1 

V^+(7 3 ) = cr 8 * a-jd^cj^al V^V^V^Vf \ 

V^+(74) = (T 5 *(T 6 cr4 crj O^oyTg" er~ (jgcr^ cr 2 (T^ (T4 (Tg <jj crj erf 

v, + ( 75 ) = 

V.+ (7e) = 



(T5 * <7g(7 4 <7 7 <7g ^o^o^cy^ 1 cr 4 (T3 (Tj ^^cTg 1 c 7 1 and 

(T6 * ^J^Q 1(T b 1<T i 1<T 3 1(J 2 1(J 3 1<J 7 • 



The braid monodromy for 2)*- is: 



(5.7) 



V*-( 7 i) 
V*-(7a) 
V*-( 73 ) 
V*-(74) 
V*-(7s) 
V* + (7e) 



a 2 * cr 3 CT 5 (T 4 (T 6 cr 3 , 

CT 8 *crf cr 8 cr 7 (T 6 crf <7 5 (7 4 (7 5 (7 6 (73, 



(J 



1 > 



a 4 *a 5 a e a 3 , 



1 -- 1 - 2 and 



CT4 * a 5 a e <t 5 a 
a 7 . 



Then we obtain the elements Pi,(Jj(i) € Bg of Remark !4.12lE5f and we deduce, 
by Remark |4.12lTT|l . that is a good morsification for X and Y geometric disks 
sufficiently big. 

The ordered set of roots of d^± , x) = is the list x* = {xf , ■ ■ ■ ,x^) with 

• Xg > and |at^| > \xf\,i — 1, ... ,8. 

• o;f < and |at7/ 1 > |jc^"|, i = 2, . . . , 9. 

We want to use R.emark I4.12l|2")) . Let us consider two points * + := xg + 1 and 

*~ := —x\ + 1 and two geometric disks X^ 1 with center G C and radius * . Let 



us consider Example 12.31 with X the big disk fixed above and 



„± 



By 



Rcmark l4"T2ip it is enough to know the classical monodromy to*± of the geometric 
basis (jlf, . . . , /ig ) of the group tti(X \ x* ; * ± ) where = (r*) -1 • ^* ■ r ± . 
The classical monodromy m++ of the geometric basis (Ai i • • • j Ag") is the list 

(5.8) ((1,3), (2,3), (1,3), (1,2), (1,4), (1,4), (1,3), (2,3), (1,2)), 

and the classical monodromy m*- of the geometric basis (pi , ■ ■ ■ , fig) is the list 

(5.9) ((3,4), (3,4), (1,2), (2,4), (3,4), (2,4), (1,4), (1,4), (2,3)). 

Combining the data l|5.6[) . 15.8fl and 15.71) . 15. 9|) we can compute the invari- 
ants associated with the homological monodromy of / . In particular, let B ± 
the distinguished basis of vanishing cycles obtained by lifting the distinguished 
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bases (71,..., 76) in Figures and [SJ then the intersection matrix 
spect to B ± is: 



± with re- 



(5.10) I f , 









-1 


1 


1 


1 








-1 








1 


1 


1 














-1 











1 


1 


-1 








-1 





1 


-1 


-1 





-1 


-1 






and 









-1 


1 

















-1 


-2 


-1 


1 

















-1 


1 








1 


1 





2 





-1 





1 





1 





-1 


-1 






1 from matrix 



Transpositions 



where number on the i-th column and the j-th arrow is (Aj, Aj). 

Example 5.4. We will show in detail how to obtain (Ai,A3) = 
If+. The rest of intersection numbers follow the same pattern. 

By Remark 14 . 1 2iP|) we compute ^ = Mi and fi% 3 — ^7 • [ii ■ /if 1 . 
(5,i,6i) and (03,63), which are defined in Remark l4.12l|2"|) . are 

™*+(£i) = (1)3) and to*+(m7 ' £2 • Mf 1 ) = (1> 2 )- 

We define di to be the lowest in {di,bi},i = 1,3. This choice only produces a 
change of orientation in the vanishing cycles. Thus we have 5i = 03 = 1. 
By Remark l4.12l|S|) again, vanishing paths are 

Jf 1 = 



& ■ & 

,03 ,,03 



M3 • Ml 



$3" = M§" ■ M9" = M9 • M7 • M2 • M 7 
Therefore, by Remark l4.12lt2)l and Proposition 14 . 6|5jl , we have 

Ai = (£3)1 + (£1)3 

A 3 = (£9)1 + (£7)2 + (£2)2 + (£ 7 " 1 )3 = (£9)1 + (£2)2 + (£7)3. 
The Picard-Lefschetz transformation \I>v( 7 i) °f the vanishing path S3 3 is 

*V( 7 i)(^3 3 ) = £3 = M9 • M7 • M3 • Mi" 1 • • Mi ' H 1 ■ Mf 1 - 

Finally, by Remark l4.12l|2"|) and Proposition I4.6ljcij l. we have 



MA3) 



(£9)1 + (£7)2 + (£3)2 + (£1 ^2 + (£2)2 + (£l)3 + (£3 *)l + (£7 X )3 



(£3)1 + (£7)3 

+■ [-(Ai)i + (£3)1] 



Ai, 



= (£9)1 + (£2)2 + (£1)3 - 
= [(£9)1 + (£2)2 - (£7)1] 
and hence (Ai, A3) = 1. ■ 

Remark 5.5. Note that the matrices in (|5.1Q(I have been decomposed into four 
blocks. The diagonal ones can be divided as 


































1 


1 





-1 





1 





-1 


-1 






and 



representing the intersection matrices of the germ / in the singular points with 
singularities Af , A J and A3 respectively. 

We have (see Figures and |SJ 7^ = 76 • 75 • 74 • 73 and 7^ = 72 • 71 then 



(5.11) 



= (h j3 )„ o (/i 7 J* o (/i 75 )* o (/i 76 )* and 
(/l 71 )* o (/l 72 )*. 



By Picard-Lefschetz Theorem, the intersection matrices give us the Picard- 



Lefschetz operators (/i 7i )» 
Notation 15. 21 we have 



i = 1, 



,,6, in the bases B ± . Finally, by l|5.11|l and 



(5.12) 



1 




















1 














-1 


-1 


1 























-1 








-1 











-1 


1 


1 





1 


1 


1 



and H+ = 



1 





1 


-1 


-1 


-1 





1 


1 








-1 








1 




















1 




















1 




















1 
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in the basis B + and 



(5.13) 



1 




















1 














-1 





1 











1 


1 








-1 








-1 











-1 





-1 





1 


1 


1 



and H 1 = 



1 





1 


-1 











1 





1 


2 


1 








1 




















1 




















1 




















1 



in the basis B 



Remark 5.6. Let / : C™ — > C be a polynomial function with isolated singular- 
ities (no further hypotheses). As we said in Section given a geometric basis 
(71, . . . ,7^B/) of 7Ti(C \ B /;*), we obtain a decomposition of Hj(V+(f)). To do 
this let Fi^ a C V+(f) (1 < i < #-B/) be Milnor fibers of affine singularities for 
1 < a < di and Milnor fibers at infinity for ai + 1 < a < a\. Then for j > 0: 



(5.14) 



i=\ \ a 



, a=l 



where (Vi)j is the composition of the variation and inclusion operators 



Hj {Fi : a , 9Fi a *j 

a 



Hj(F i>a ) 
a — (^- 7i )*(a) 



HAV*(f)) 
a — (/i 7i )„(a). 



Using this decomposition (/i 7i )* can be written as 



h 






h 



* i , 1 * i . 2 



hi- 



where Ij is the identity matrix, hi is the restriction of (/i 7i )* to the subspace 
®i<a<a'.( v i)j(Hj(Fi ya ,dF iya )) (respecting the sum decomposition) and hi <a , for 
1 < a < a' it is the restriction of (/i 7i )* to (vi)j(Hj(F iya , dF iy0t )) (see ^3 Lemma 2.4], 
|231 Theorem 3.1] or |^] Theorem 1.4]). In particular hi >a and *i, s are, respectively, 
the local blocks and the global blocks that we mentioned in Section 

The distinguished bases (71, ... , 76) in Figures [7| and |S] define a special geometric 
basis as we considered in Section ^ Then associated distinguished bases of cycles 
B give the decomposition (|5.14() . We have shown the aforementioned submatrices 
Ij,*i yS ,hi and hi yCC in H5.12|l and (|5.13(l . 

5.3. The polynomials / ± are not topologically equivalent. As we mentioned 
in Section ISTl if / ± were topologically equivalent then there should exist P sat- 
isfying (|5.5|l . In Section T5.2I we have computed the matrices Hq and Hf~ shown 
in (|5.12|) and H5.13|l . The problem becomes a linear system with 72 equations and 
36 variables. The system of solutions is 



P{a,b) := 



a + b 
b 

-b 
a + b 



a + b 
b 
-b 
a + b 



a + b 
b 

-b 
a + b 
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with a, b <E C (solved with Maple). Since P(a,b) is a singular matrix, the sys- 
tem ()5.5JI has no solution and hence the polynomials / ± are not topologically 
equivalent. 

6. Proof of Theorem 14.101 

This last section is dedicated to proving Theorem 14. 101 Hence we should assume 
that / £ C[x, y] is a monic polynomial of degree N in the variable y and satisfying 
Hypothesis USJ 

Lemma 6.1. It is enough to prove Theorem \4-lU\ for j = 1- 

Proof. Let us assume that Theorem 14. 101 is true for j = 1. By Lemma f2.12ljat and 
Theorem l4.10lfH (case j = 1) we have V*,£)(7i) = (&J 1 Pi)~ 1 <7j(aJ 1 fli) and thus 
Theorem End is true for j > 1. 

By Lemma |2.1 21) bjl we have (A 3 ^ — ^ and ^ = /ttf* an d hence, since 
Theorem 14 . 1 0ll2*|) it is true for j — 1, it is also true for j > 1. □ 

6.1. Discriminant properties of a Morse polynomial. 

Lemma 6.2. Let t a G T\ Tsi ng and let x to € x'° fee a ramification point of (|4.1|l . 
In a neighborhood of x to the function f(x, y) — t is the product of N — 1 Weierstrass 
polynomials in the variable y centered in the N — 1 preimages of the point x to . Also 
note that all those polynomials have degree 1 but one which has degree 2 and has 
either non- degenerate singularities if (i ,o;*) — (ti,Xi), for some i, or is smooth if 

(t a ,X ° ) 7^ (ti,Xi). 

Proof. Let y~j £ C, j — l,...,r, be a root of f(x to ,y) — t . Then (x to ,yj), for 
j = 1, . . . , r, are all preimages of x ° . Since x to is a ramification point, r < N — 1. 
If r < N — 1, then by Corollarv l3.3l the discriminant germ (2)/, (£0,2;'°)) is singular 
and hence t a € Tsing which is a contradiction. 

Therefore r = N — 1 and hence there exists a root y\ of order 2, whereas 
for j = 2, . . . , N — 1, are simple roots. By Hensel's Lemma f(x, y) — t a is, locally, 
the product of N — 1 Weierstrass polynomials Pj(x, y) in the variable y centered in 
(x'°, j/j) and whose degree is the multiplicity of y 2 ■ . Thus Pj(x, y), j = 2, . . . , N — 1, 
have degree 1 and P\{x,y) has degree 2 where: 

• If {t a , x to ) = (ti,Xi), for some i, then yi is root of /(x* 4 , y) — U, thus yi = yi 
and Pi(x,y) has a non-degenerate singularity at (xi,yi). 

• If t ^ T, then the fiber Vf Q (/) is smooth. Finally, if t a = ti but x li 7^ Xi, 
then the point (x**,yi) is not singular. In either case, P\{x, y) is smooth. 

□ 

Corollary 6.3. In a neighborhood of t € T\Tsi ng the function df(t,x) is: 

(a) aULti a (x,t), if t if {P). 

(b) a q(x,t)Y['^ = 1 2 £ a (x,t), ift = t t ,for somei. 
where 

e a (x,t) := (x-x °) + c a (t)(t-t ),q(x,t) := (x - x,) 2 + h(t)(x - x. t ) + a(t)(t - Q 
for x 1 ^ £ x*°, a S C* 3 fei, c a G C[t], bi(t ) = and c a (t ) ^ 0,a = 1, fc, 

Proof. By Lemma f6. 21 and Lemma f3. 21 the function dt(t + t , x + is: 

- a polynomial x-regular of degree + N — (N — 1) = 1 and t-regular of degree 
N-(N-l) = l,i£(t ,a%)?(U,Xi). 

- a polynomial i-regular of degree 1 + N — (N — 1) = 2 and f-regular of degree 
N — (N — 1) = 1, if (t , x 1 ^) = (ti, x^, for some i. 
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The result follows by uniqueness of Weierstrass Theorem, Hcnscl's Lemma and the 
fact that df(t, x) as polynomial in the variable x has degree k. □ 

Corollary 6.4. The image of each member of a geometric basis by the classical 
monodromy m t : ~K\{X \ X , *) — > S^,t £ T\T,* £ dX, associated with (|4.1|l is a 
transposition. 

Proof. Since t G T \ T, Lemma 16.21 gives us the existence of a smooth Weierstrass 
polynomial of degree 2, say P(x, y). If we lift the path x l + />e 2 ™, u £ [0, 1], for a 
sufficiently small p, we obtain, again by Lemma |6.2I a transposition given by the 
move of the two roots of P(x t + p,y) = 0. So the corollary follows. □ 

6.2. Braid monodromy. In this section we prove Theorem 14. lOlfTT) 

Notation 6.5. To simplify notation, we will denote r x t Q^,t £ C, r(D(ip)) and 
V*,o(</,) simply by r t ^, t(i/>) and V t ^. 

Proposition 6.6. Let S be a circle with support in T \T , based at G C and 
centered at U € f(P)- If the radius of S, £ := \\U — o||, is sufficiently small, then 
for almost all ip € (0, it), V , 1 /i(5') = <jj, where 1 < j < k and j depends of if). 

Proof. Let 9 := {n\s f )*{S). The braid 9 is the homotopy class of 



{(U + £c : 27rV " lu ,x)|xex t '+« e ,ue[o,i}} 

By Corollary 16. 3l(E|) the set x 4i has k — 1 points. Almost every -0 £ (0, 7r) has the 
property that all lines with slope t&n(ip) have no more than one point in x 4i . Let ip 
be one of such angles. Let also be j € {1, . . . , k — 1} such that Xi — x? € x** (ip). 

By Corollary 16.31 (see Figure EJ), for a sufficiently small £, the points of the 
list x* i+ ^ e (t/>) satisfy 

c** for j < j 

7 - " " for j ./•./ • 1 

for j > j + 1 

aii) 2 + 6 i (i)(a;-a; i ) +ci(f)(t 




and the local equation of 2)/ at (ti,Xi) is (a; - 

= 0,ci0i) 7^ 0. Thus the braid V^S") = 0(0) = t o4 , 9 T< 
orj G Bfe by definition of r<>^ (see Notations 12 . 71 and 16 . 511 . 



U), 

^ is equal to 
□ 




""If; 



Figure 9. 



DISCRIMINANT METHOD 



21 



Let 7i be an element of the distinguished basis of the Theorem l4 .101 and let 7 be a 
meridian homotopic to 7, as in Definition 14.91 such that Supp7 cT\T. According 
to Definition 12. II the following elements are associated with 7 

(6.1) (t y (= ti),t' y (=: o),r 7 (=: r),S 7 (=: S),£> 7 (=: £>)). 

Let i/j £ (0,7r). We need the following technical hypothesis: 

Hypothesis 6.7. Proposition 16 . 61 is satisfied for the element S of 7 and 

Notation 6.8. We denote 9 := (7r| S/ )*(S) and (3 := (tt\ s f)*^ 1 ) the braids 
in B(x°,x ) and B(x°,x*), respectively. 

By the first part of Proposition ^ . 8lj5fl and since braid monodromy is a homotopy 
invariant we have 

(6.2) V*, c ( 7 i) = V*,c( 7 ) - r 1 (^)^(D)/3(D) 
and, by Proposition 16 . 61 

(6.3) V*,^(7i) = V*,v,(7) = PW)~ X 0W)P{?l>\ where 9(ijj) = a r 

By the second part of Proposition l2~^l|bjl the braid 9(D) is conjugated to 9(tp) = <Tj. 
Then Theorem [4. lUlfTl) follows from Lemma l2~T2ll5j) . 

6.3. The vanishing cycle of a critical value. In this section we prove Theo- 
rem ^23E5J an d (|2.b.ijl . To do this we will first prove it in the special case when 
7 j is in fact 7 and D is the base set of braids D(ip) with 7 and ip as in Section l6~2l 
This is done in the next three subsections. Finally, in the last subsection, we prove 
the theorem in the general case. 

6.3.1. Construction of the vanishing cycle. Let us parametrize the segment [o, U] as 
X(u) := (1 — u) (o— ti) + ti, u e [0, 1]. Let s be the segment in {t = 0} x C between 
the points Xj and x° +1 of x°(tp). By Corollary 16.31 while u moves towards 1, the 

points I* ,a)j|i £ x. x ( u )(ip) converge to Xi then the path s degenerates into a 
point (ti,Xi) as we move towards ti on the interval [o,tJ (see Figure ITU)) . 

{i=»)xC ,'"^Jr—--'~* I = *^ X C 

f T « ! ! ! 

x i+l i i ! 

f n ~ s 1 

s — ► l| f 

i II / Xi 




Figure 10. 

For every \(u) £ [o, f,) let if TA( . be an (x, x A ("))-special isotopy associated 
with Tx[u).ti)i which is the identity in C \ Int(JT) such that the map 

if: [0, 1) x (C x [0, 1]) — > C 
is continuous in the variable it. By continuity we can extend H to [0, 1] x (C x [0, 1]). 
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We define a topological cylinder € with € u := H (u, B 1 (^-) , l) , < u < 1, its 
fibers, where j is the element given by Proposition ^. 6l for the fixed %p. The cylinder 
£ satisfies that 

xf u \ xffl G Int(£ u ), <L U n (x A ^ \ {xf u \xf£}) = 0, < u < 1, 

Xi € Int(Ci) and £i n (x* 1 \ = 0, 

By Lemma l6~2"l the set (f>j x ({t = A(u)} x € u ) has AT— 1 components where N— 2 of 
them are diffeomorphic to a topological disk and the remaining one is diffeomorphic 
to the cylinder S 1 x [— 1, 1] for < u < 1, and to two disks intersecting at the point 
{xi,yi) for u = 1. 

Let §(0) be the preimage of s in <j>jl.({t = o}x £ ). Note that S(0) is a closed path 
according to l|4.1|) . Analogously, one obtains a family of closed paths S(u), < u < 1 
as the path s is moved along the segment [o, tj\. We denote also S(l) := {(xi, yi)}. 
Hence there is a 2-dimensional closed topological disk D satisfying (see Figure ITTJ): 

i. E>(u) = Dfl V^( u )(/), < u < 1, is diffeomorphic to the circle. 

ii. §(i)=nnv ti (f) = {(x i ,y i )}. 

hi. D = \JS(u). 

Therefore S(0) defines a vanishing cycle in V (f). 




Figure 11. 



6.3.2. Representation of the vanishing cycle in Hi(V <> (f)). Since Supp(7) dT\T 
we can use the topological model described in Section PTTl to give a representation 
of S(0) miTi(K(/)). 

Let us consider the geometric basis /ifc) as in Example l2.3l associated with 

the disk X fixed above and the set x = {1, 2, k} (by 10 in Section0]x C X). 
By Artin Theorem jS] the Hurwitz move \& r<> , transforms this geometric basis into 
the geometric basis , . . . , of m(X \ x°; *). 

For the sake of simplicity we will skip the subindices o,-0 from t .^. By Defini- 
tion the elements associated with [i T n are 

(6-5) (x^x (= a;*), , r^r , , D^t). 

By construction of the vanishing cycle, the classical monodromy m satisfies 

(6.6) ^o(mJ) = m (/ij +1 ). 

Moreover, by Corollary 16 . 41 rru f uj ) is a transposition, say (a, b), a,b E {1, . . . , A^}, 
a ^ 6. 
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Let S := • fij be a path in X \ x. We want to lift ^ T {8) = S T = ■ 
by means of the projection 7r\v <l (f) l|4.1(l . This lifting is a union of N closed paths 
in the fiber 

(<T) ; - ( Mj r +1 )/ • with / S {1, . . . , N}, 1 + a, b, 

{5 T ) a = (j"J+i)a • (fij)b and (<T) 6 = (/iJ+Ofc • (/ij) a . 
The following lemma allows us to find paths that are homologous to the vanishing 
cycle S(0) ( Section ltj.3.1|) . These paths will let us transport easily §(0) to the 
fiber 

Lemma 6.9. The liftings (8 T )i, I = 1, . . . , N, in K>(/) are homologous -up to sign- 
to the vanishing cycle 8(0) if I — a,b and to the zero cycle if I ^ a, b. Also in 
homology (S T ) b = ~{5 T ) a - 

Proof. Let us deform the path s continuously in 

{t = o}x(X\ |J <) 

as shown in Figure IT51 (a), so as to turn it into a path with support 

[x?,x'^\ U Supp(r^) U Supp(r>j +i ) u 

where these paths are the ones associated with /xj (see H6.5t ). The support of 5 T is 

Supp(5^j) U Supp(r^ ) U Supp(r M j + J U Supp(5 M j +i ). 

Therefore the cycles S(0), {S T ) a and (5 T )b in V (f) (Figure El (b)) are homologous 
up to orientation. 




FIGURE 12. (a) Deformation of s. (b) Paths S(0) and {S T ) a . 

By Proposition I4.6ljc"f and l|6.6|l the N paths (S T )i are elements in Zi(&) and 
hence, by Proposition I4.6ljgj l as cycles in Hi(V (f)) (see l|4.7|l ) they look like: 

(Ol = 0*J+i)l + = with I e {1, . . . , N}, I ? a, b, 

(S T ) a = (Mj+i)a + OJ)fi and 

□ 

6.3.3. Representation of the vanishing cycle in Hi(V±(f)). In this subsection we will 
compute the homological class of the local vanishing cycle §(0) in the global fiber 
Hi(V k (f)). In order to do so we will use Lemma fa . 91 which allows us to work with 
{8 T ) a or (5 T )b and move them from V (f) to V k (f) by the diffcomorphism h r -i given 
by lifting the path r _1 . Let us first study the diffeomorphism h r -i more closely. 
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The diffeomorphism h r -i. Let f3 £ B(x°,x*) the braid defined by r _1 as in Nota- 
tion Upland Hp a (x°, x*)-special isotopy associated to which is the identity in 
C \ Int(X). Then we can define 

H : {o} x C x [0, 1] — > Supp^- 1 ) x C. 

(o,x,u) i ^ (r~ 1 (u),H l3 (x,u)) 

Let X := {(r-^w),.!) <= T x X \ u G [0,1], x $ x 1 " 1 ^)} and K := <f>]*(X) with 
fibers 

(6.7) X u := Xn({r-\u)} x C) and K u := <PJ^(X u ),u e [0,1]. 
Then we have the following iV-folded covering maps 

4>f,x\ :n^X and ((f> f>x \, l):K x [0, 1} ^ X x [0, 1] 

and a diffeomorphism between the base spaces H \ : Xq x [0, 1] — > A\ Let * € TvLo 
be such that <f>f, x (*) = {<>,*) S Afo- Since r _1 (u) (it S [0, 1]) are all regular values 
of / and 7r | xi y , one has 7Ti(A';*) ~ 7Ti(Ao;*) and iri(ll;*) ~ 7Ti(7\lo;*)- Therefore, 
by Lifting Theorem, the diffeomorphism between the base spaces gives us a unique 
diffeomorphism L between the covering spaces such as r(*,0) = S and such that 
the following diagram is commutative 

TZ x [0, 1] — ^— > TZ 

(6.8) O 

<*b x [0, 1] g| ) X. 
By restriction we have the following families of diffcomorphisms 
H u : {o} x C — ► C 

L u : 7?.o — ► T^u 

i-> T(x,y,u). 

Each is such that H u (Xq) = and each L u is such that /(L„(»)) = r _1 (u) 
and it can be extended continuously to <Pj x ({t = o} x x°). Finally we define the 
diffeomorphism h r -i := Ti. Note that, by (|6.8|) . the following is a commutative 
diagram: 

h _i| 

(6-10) o U/,» 

Ao — > X\. 

Moreover, using a theorem of continuity of the roots for f(x,y) — r~ 1 (u), with 
x E C \ Int(Ao) and u £ [0, 1], and since H u is the identity on the second variable 
in {o} x C \ Int(Ao), this diagram can be extended to V (f). 

Remark 6.10. Let -ffg-i (•, u) := u) be an (x*, x°)-special isotopy associated 

with Analogously as above, one can construct the diffeomorphism h r and the 
commutative diagram: 

Tlx hrl > 
(6.H) tf/.J o 

V l 1 "V 

> <*0- 
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Moving the paths (S T ) a and (S T ) b . By Artin Theorem (jU^"' 3 , . . . , t 1 ^) is a geometric 
basis of tt\(X \ x*; *). Let y r -i be the braid in N strings defined by the equation 
/(*) y) — u G [0, !]■ If we consider y r -i as a permutation, by Ij6.6|) . we have 



(6.12) m^f) = to*0*J| x ) = (a y r-i,frV-i) = . 

Lemma 6.11. Let I := PV-i , with l = l,...,N. The liftings (<5 T/3 ) r in V*{f) are 
homologous to the vanishing cycle (/i r -i)*(S(0)) if I = a, b and are the zero cycle if 
5,5. Moreover, (<5^) 5 = -(^) 5 = ( M ^) a + (/if ) 5 . 

Proof. By the commutative diagram l|6.10[l and by equation l|6.12[l we have the 
following equalities in homotopy 

K-<iP)i) = (* T(3 )i = ^f + x)r^f)i for l^a,b, 
h r -i((S T )a) = {6 Tt % = (p&h-QSfh and 
h r -,{{8-) b ) = (6^)- b = {nf +l )- b -{nf)- a 

By Proposition 14. 6|C| l the N paths $[® are elements in Z\(&) and hence by Propo- 
sition l4~Hlf5jl as cycles in Hi(V- k (f)) are homologous to (see Q4.7J1 ): 

(h r -i)*((5T)i) = (S r0 ) T =0for I ^a,b, 
(h r -iU(S T ) a ) = (5 TP )-a = Wftih + (»f> b and 

fa-O.CCO*) = (S T0 )- b = + (pfYa = -(Mj^)«l - C^S 

Therefore {5 Tl3 ) b = —{o~ Tl3 )a in homology and by Lemma 16.91 they are -up to 
orientation- the image of S(0) in V*(f). □ 



According to the commutative diagram l|2.3|) . where s 1 = x°, s 2 = x*, {1, . . . , k} = 

x, and D = 0(tp), we have that $ x »,x* (Mtp £0 = (*t*,w, ° $x,x) {Unifi) or i i n expo- 
nential notation, 

(6.13) ^ = ^ T *"*G^?'*,...,/i^). 

In particular, by (|6.12|l . m- k {^ T *' i ') is a transposition (a,&). So, we have proved 
Theorem 14 . 1 (Jl|2 1 a} . Also we have by Lemma f6. Ill that in homology 

(6-14) (S^)- a = -(s^y b = {^ITYa + Guf *'*)5 

defines -up to orientation- the vanishing cycle (/i, r -i )*(§(())) and the remaining 
liftings of S^*-^ define a zero cycle. So, finally, if we denote by Aj the first non- 
zero lifting in homology, we have proved Theorem 14. 10112. b.i|) with decomposition 
V*,^(7») = [3~ 1 o-j/3 in the case 7* = 7 and D = £>(i/j). 

6.3.4. Independence of construction. Finally in this last subsection we prove Theo- 
rem l4.1UI|2.all and i|2.b.i|) for any ji and D with a decomposition as in Theo- 
rem U23(l) (f° r j = 1 according to Lemma T6. 111 . 

Lemma 6.12. We have the decomposition V*,^^) = (f3a.j)~ 1 o~i(a.j/3). Note that 
with this decomposition Theorem. \4 ■ 1 0B2 . all and (I2.b.i|l are true for the base set of 
braids 

Proof. The first part of lemma follows from (|6.3|) and Lemma I2.12ljgjl . For the 
second part, by Lemma r2.12lfb|l . we have /i^" 3 ^ = ^ and fi^' = (i>j + x- The 
lemma follows from Theorem 14 . 1 Ul|2 . all and (|2.b.ill for the base set of braids £>(ip) 
and aj. □ 

Remark 6.13. By Lemma |6.12l we can assume that 0(ip) = o~\. 
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Note that Proposition 12 . 8ljbj) and Remark 16.131 imply that 
6(D) = (rr-^-VxCrr-i), 

so, by l|6.2jl . we have 

(6.15) V*,c( 7 i) = (rr^ / 3(D))- 1 a 1 (rr -; i t ) /3(D)). 

Notation 6.14. We denote by v := tt~q0(D) £ the conjugation braid in l|6.15[) . 

Lemma 6.15. Let C(o~\) the centralizer of o~\ in and C, € C{<7\). Then one of 
the following is true: 

(1) ftx and ^2 are conjugated (by the same element) of [i\ and /i 2 respectively. 

(2) Hi and h\ are conjugated (by the same element) of fj,2 and /ii respectively. 

Proof. By 14 C{a x ) = (o 2 G\a 2 ,G \j ^2). Then by J22J: 

• Hi — [i\ and \f 2 = M2 for j 7^ 1, 2, 

• = /i 2 = A*2 • A*2 • M^ 1 and ^ = /x 2 ■ Mi ■ /J^ 1 , 

2 2 

52^1^2 — 1 J ^"2^1 ^2 —1 

• Ml = M3 ' Ml ' M3 and M 2 = M3 ' M2 ' M3 , 

and the lemma follows. □ 

By Theorem |4~1*U|H and JHUSt ^"Viiv = /^"Vi/^, thus fti^Vi = cri^^^ 1 
and hence /Jj = £z/ with £ £ C(ci). By Lemma f6.15l there exists 77 £ tt\(X \ x; *) 
such that /i^* and //j are equal to one of the following: 

(i) (rf)^ 1 ■ Hi ■ if and {rf)~ x • M2 ' ■> respectively, or 

(ii) (rf)" 1 ■ H2 ' V" an( i ( ? 7 iy )" 1 ' Mi ' V"> respectively. 

By isomorphism <|2.1|) (3(D) = t 0: oPt~q and according to Notation l6.14l 

(6.16) vt^ = rr-i,P(0)T*fi = t(3. 
Therefore by H6.12[l and Remark 16.131 we have 

(6.17) m*(Mi r *' D ) = ™*(M2 T *' ) = 
and hence 

(* Tt , {{if)' 1 ■ Mi • rf)) = m* (* T ,, D ((^J" 1 ■ ^ • <)) 

is a transposition that we will denote by (a*, 6j). 

In particular this implies that regardless whether JiJ or (juj holds above, in 
fact m Jr (/i^ lT *'° ) = m^(/i2 lT *' ) = {a.i,bi). In particular we have proved Theo- 
rem ^^fl^ij (we will assume ai < bi). 

As for the path 8 := fi2 • Mi> case © leads to 

(6.18) 8^*>» = * Tiifi (^) - * Tii0 (/4" ' Mi'O - ^, ((^)- 1 • M2 ' Mi ' 
and analogously case Ju|| leads to 

(6.19) * ftr *-° = *r (tl< ,((^r 1 -^-^-»r)- 

Now we lift the path 8^ T ^° C {t = *} x C at the point (*, yj) e / = 1, . . . , N. 

By Proposition 14 . 6lj<ij l its class in C%(&) / Bi(&) is: 

• Case (0 (see (joTSt ) 

(6.20) (^.*), = ((V^r'h + UZ*'°)h + (Mi T *'°k + (rr* o )u 

where Ij := I, l 2 := C*"""'^'^ *3 := l™*^*' 0) and Z 4 := l^^K 

• Case © (see (EUU) 

(6.21) = ((r?— + 0h*-°\ + (M2 T *'°) i3 + (V" r *'°)u 
where i x := J, l 2 ~ C^'^'U := C^*'^ and Z 4 := Z^^*) 
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In particular, for both cases we have 
(6.22) 



I = di => l\ = di,li — a, Z3 = b and U — a, 
I = bi => l\ = bi, h = b, I3 = a and I4 = b, 
I ^ di,bi =>■ h a l7 bi and (a :=)Z 2 = h = k ^= a, b. 



Moreover, since the composition of the transpositions m*(/i^ T *' D ) and m+dx^*' ) 
is the identity we have that I4 — ,£ ' Hence l" 1 *^ 1 *'°) = I and thus, 

by Proposition I4.6ljbj) one concludes 



(6.23) 



(Of 



T 1 )h=-(rr-°)i 



Finally by Proposition I4.6lj^( l the lifting of (d^ iT *'°)i is a cycle in Hi(V k (f)). 
Case implies 



(M2 )/2 + (Ml )i 3 



(^2 T *'°)c ( + (Ml T *'°)a ^ 0, l^di,bi 



(M2 )o + (Ml jfc 



(M2 T *'°)S + (Mi"' ). ^-(^*.*) B , I = h. 



Analogously, we can use lj6.21|l to deal with case (pj, one has 



0, l^a u bi 

(v7*' )-a + (^ T *-°)- b =-(5^) a , l = Oi 



{^) l + {^)- a = {5^)- a , l = h. 
Finally, just using the notation A* := (5° iT *-°) ai gives us Theorem I4.1()ll2.b.ill . 

6.4. The Picard-Lefschetz operators. Our aim is to prove Theorem l4 . 1 0I|2 . b . ii[) 

(see Lemma r6.1|l . In order to do so we need the following Proposition 16.161 

Proposition 6.16. Letjj, 1 < i < fijf), be as in Theorem \4-lu\ Let(*,yi) € V+(f), 
I = 1, . . . , N, be the preimage of * £ dX by the projection 1)4. Then for any I 
there exists a monodromy h~ li of satisfying h 7i (*,yi) = (*,yi) and inducing the 
following conmutative diagram 



7n(X\x*;*) 







7ri(X\x*;*) 



where IZi is defined as in Ij6.7|l and n is the projection (t,x) 1— > x. 

We will first see that Theorem 14 . 1 0I|2 . b . ii jl is a consequence of Proposition ^. 161 

Proof of Theorem 14. lUI|2.b.ii|l . Using the commutative diagram of Proposition ^. 161 
(for I — a s ), the one from (|2.3(l (for s 1 = s 2 = x*), and the fact that one has the 
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equality I x *,x*,o (( 7r ls> / )*(7i)) — V*,o(7») one obtains the following diagram 



7ri(7^i; (*,y a .)) ( T ' l) *> ttiC^i; (*,y a .)) 



(6.24) 



7n(X\x*;*) U 7ri(X\x*;*) 



7ri(X\x;*) tti(X\x;*). 

Let /3 Sj8 := (3 S V*,o (7,) € B fe as in Theorem lOOI|2.b.u|l , Then by Theorem l4~I0ll2.b.il) 
and l|6.24[l we have 

(h^(A s ) = (/i 7< )*((^ 8n,e ) J = (^ 8 ' 4T *' C ) 08 - 



This proves the first part of Theorem 14. f ()l|2.b.ii(l . 

For the second part, let y ii be the braid with N strands defined by the roots of 
y) = 7i( u )i u € [0, 1]. This is a pure braid by Proposition 16. f 61 therefore 

m *(*(#| S/ )*(7*)(M^ aT *' )) = (af T *,&f T *) = (tt»,y,n€ {1,2}. 

Also note that ^(*| s j.^jCMr* '°) = fJ-n s '' T *'° according to (|6.24|l and hence 

(6.25) m*(/i£ MT *' c ) = (a S) y,ne {1,2}. 

By Artin's Theorem, the list (/Lt^ r * ,£I , . . . * T *'°) is a geometric basis of the 
group 7Ti(X\x*; *). Therefore, by (|6.25|1 . relations l|4.7|l and Proposition ^. 6lfa| we 
have the following equalities in homology 

(^"). = (^ s ' ir *'°)a + (/if' lT *'°)a = for a ^ a s ,6 s , 
(^..ir*.o) o4 = (^••* T *.*) aj + (Mi 8 ' <T *'°) 6s and 

By Picard-Lefschetz Theorem (/i 7i )*(A s ) = A s — n.Aj, n e Z. Then, since the 
unique non-zero liftings of 5pm t *,o are opposite and (A s ,Aj) has rank 2, both 
non-zero liftings can not be written as A s — n A, . This proves the second part of 
Theorem l4~ini|2.b.ii|l . □ 

We will devote the remaining part of the paper to proving Proposition 16 . 161 

Since the monodromy only depends on the homotopy class of the defining path we 
can assume that 7, is the path 7 considered in Section l6~2l By (|6.1|) the operator 
h 7 can be factorized as h r o hs o h r -i where h r and h r -i were constructed in 
Section l6.3.3l Let us then study the monodromy hs more closely. 

6.4.1. The monodromy hs- We will first construct a family of maps 

r„ : Ve(f) — » v s(u) (f), ue [0,1], 

such that hs ■= Li is the identity on dV (f). To do this we will decompose 
S u := V s{u) (f) \ 4T f %{{t = S(u)} x x s ^) 

into two sets <S„ ' and . Then we will describe the restrictions and T^ 2 ^ 
of r„ to and S„ and finally we will reconstruct T u by adding the set of 
points 4>~f ]c({t — °} x x °) continuously. 
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Construction of the sets Su^ and . Let ip be an appropriate angle as considered 
in Section IfOl Let us consider H as in (|6.4(l where [o, ti) is replaced by the positive 
parametrization of S based at o (taking H Ts{u) . as special ispotopy). This map is 
defined on [0, 1] x (C x [0, 1]) and we could also assume that it satisfies 

H{0,x,v) = H(l,x,v),xeC\B 1 (^Y^) > v e [M]- 

Then X := Uu6[o l] ^ s a topological torus whose fibers 

% u :=fl-U,D a (^Yjil) Clnt(X), ue [0,1], 

are such that x^ u \x^ G T u and 1 U n (x s (") \ {xf u) , x S ^}) = 0, where the 
elements , ^J+i' G x 5 ^ . 

We define := (j>]* x ({t = S(u)} x (% u \ {xj (u) , x?$)}) C S u and its comple- 
ment := S u \ Int(<S« ), u G [0, 1]. By Lemma lb. 21 the set Su 1 " 1 has N — 1 com- 
ponents. TV — 2 of which, say A^, . . . , ^4^~ 2 , are diffeomorphic to X M \ {ir^ ^ , Xjj^ } 
and one, say A^ 1 is diffeomorphic to (S 1 x [-1, 1]) \ {(-1,0), (1,0)}. 
Construction of the maps 1^ and . Let us define g : C x [0, 1] — ► C as 

/ n f 2i±i +re^ 3T( " +27 ™( 1 - r » if x = 2z±i +re^ Tw ,0 < r < 1, 
olx, u) := < ^ , , 

^ V y \x ifa^Di(2^i) 

If we denote g u := p(»,u), then p is an isotopy from the identity go to the Dehn 
twist qi around the points j and j + If we define the diffeomorphism g Ul u G [0, 1], 
as a composition 



C 



Hr(.,l)| l^s, 



then is the identity out of Int(To) an d the diffcomorphisms g u , u G [0, 1], define 
an isotopy g from the identity go to Q\. 

Lemma 6.17. The set of k strands defined by g(pc°,u), u G [0, 1], is isotopic to the 
braid 9 described in Notation \b'.8[ 

Proof. By construction, the image of £>(x°, u), u G [0, 1], by I x °,x°, £>(»/>) * s Also, 
by Proposition ^. 61 the image of 9 is again aj. Therefore both braids are equal in 
B(x°,x°) since by Proposition I2.8lja| I x «, x »,0(^) defines an isomorphism between 
B(x°,x°) and B fc . □ 

Consider the following diagram for I = 1, . . . , N — l,u G [0,1], 

(6-26) .1!, 

ttI 

4 — \ K'4+i> — r *» \ {*? (u) , «fff}. 

We want to lift g u o 7r| . Let us consider po G d'Jo and p u :— g u (po) G Also, 
we denote 



(6.27) (p u , q l u ) G / = 1, . . . , N - 2, (p„, c^" 1 ), (p u , <£) G dA£ 



iV-l 
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the preimage of p u by tt\s u - Therefore, if Z = 1, ••• ,iV — 2, the covering map 
ir\ A i is a diffeomorphism and thus its lifting is trivial. Hence the image of (Pq,%) 
is (Pu,q l u), u <E [0, 1]. 

Remark 6.18. Since g is an isotopy from the identity to q"x, lifting g u on\ A i o produces 
an isotopy from the identity of A l , I = 1, . . . , N — 2 to (7r| ) 1 o p x o ir\ A ^. 

If I = N— 1 let n, P be generators of the free group F 2 ~ Trx(% u \{ x j i x j+x}]Pu)- 
The component A^~ l is diffeomorphic to (S 1 x [-1, 1]) \ {(-1,0), (1,0)} and the 
covering map k\ a n-i is 2:1, then (7t| a jv-i)* (tt 1 (A^~ 1 - 1 (p„, g^ -1 ))) is generated by 
/Lt 2 ,/3 2 ,/3 • fi, i.e., words from the alphabet fi,P of even length. 

Let < u < 1. Since the restriction of g u on To \ {^j , x j+i} induces the identity 
on Fi, then {q u o-k\ a n-\ )* (tti(A (po, Qo^ 1 ))) is again the group of words in the 
alphabet /j,,P of even length. Let u — 1. Since the restriction of g~\ on 1 \{x?, x° +1 } 
induces in homotopy the isomorphism given by 

then (gi O7r| y!l ]v-i)*(7ri(^4 v_1 ; (pojPq -1 ))) is again the group of words in the alpha- 
bet /i, P of even length. Then by the Lifting Theorem there exists a unique lifting 
of the diagram l|6.26l) such that the image of (pq^q -1 ) is (Puilu^ 1 )- 

Collecting the liftings of diagram ({6.26(1 we can construct ri 1 ^ : — > Su , 
u e [0,1], a continuous family of maps such that the image of (po,q l ) is (p u ,q l u ), 
I = 1, . . . , N — 1. Note that they also verify the commutative diagram 

c(D ri 1 ' , c(i) 

(6-28) „|| o J*| 

To\K,^ +1 } 1u\{x* {u) ,x^}. 

Therefore, the image of (po,Qo) is {p u ,Qu)- 

To construct T {2) let us consider V?(f)* := Vf(f) \ 4>]} x ({t = i'} x x*'), t' e A 
(see (16.111 ). iJ can be extended to D, then 

U t , eD W)* \ Int ({t =f}xfl (f ,©! (2^1) \ {j, j + 1}, 1))) 



I 



/I 
(2) 

is a trivial fibration with fiber <Sq . Then a continuous family of diffcomorphisms 
r„ ■ Sq 2 ^ — ► 5^ 2 ^ can be constructed, where is the identity and such that the 
points H6.27J1 verify that the image of (p , q l ) is (p u , q l u ), I = 1, . . . , N. 
Construction of the continuous family T u . We will first show that the maps t[P 
and r„ agree on n S^ 2) . Note that the intersection sip H si 2) , u € [0,1], 
consists of N components B l u , where B l u := dA l u , I = 1, . . . , N-2, and B^UB^ := 
9A„ -1 , all of which are homeomorphic to d1 u . Hence the following diagram 

(6-29) ^Bl 

-Br, — ->■ <9Xo — ;—>■ <9T M , 
u 7r| e„ 

£ = 1, . . . , AT, u € [0, 1], can be lifted to a unique map such that the points defined 
in (|6.27() verify that the image of (p , q l ) is (p u , q l u ), I — 1, . . . , N. Also note that 
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the restriction of the maps r„ and to B l coincides, by construction, with the 
lifting of diagram lj6.29J) where the image of (j> j<7o) i s the point (p u ,q l u ), therefore 
both maps are equal by uniqueness. Finally we have the continuous family of maps 
T u : So — > S u , u £ [0,1], which can be extended to Vo(f) by adding points of 
4>~f\{{t = °} x x °) continuously. 

Finally we define the monodromy hs as Y\. Since is the identity and 1^ 
verifies diagram then we have the following commutative diagram 





6 










(6.30) 


4>f,* 











X 


lxgi 
> 



where Xq is defined as in (|6.7|1 . 

Remark 6.19. By Remark |6 . 1 81 and the fact that 1^ is the identity, there exists 

>nodr< 

the identity in V (f) \ IntCAj^ -1 ) 



an isotopy from hs to a monodromy which coincides with h$ in Int(^4^ 1 ) and is 



6.4.2. The monodromy /i 7 . By construction h y := h r -i o hs o h r is the identity 

outside /i r -i(Int(6>o 1 ' ) )). Also note that, by Remark 16.191 there exists an isotopy 
from /i 7 to a monodromy which is the identity outside h r -i (Int(A^ r ~ 1 )). 

Let (*,yi) £ V*(f), I = 1,...,N, be the preimage of * S dX by n^^y By 
construction we have 



(6.31) 



,n. 



Using the diagrams H6.10jl . (|6.11jl . (|6.3()|) . the definition of Hi in H6.9jl . and the 

fact that So = IZo we have the family of commutative diagrams 



(6.32) 



Hi 



Ko 



h s 



o 

5~1 



<t>f,-- 



H 



X\x* 



O 



Xo 

I' 

X\x° 



O 

lxgi 



Tlo 



Xq 

V 

X\x c 



o 

Hi 



<$>],■■ 



o 

H ;1 



Xi 

[' 



where ir(t, x) :— x. 

Using Lemma I6.17I and (|4.3|l one can check that the composition of the bottom 
row of maps in Ij6.32|l induces ^ p o s o = , 5(s| I , / ) < ,( 7 ) in homotopy. Therefore, 
by (|6.31|) . we have the commutative diagram 



ttiCR-i; {*,yi)) 

(#o0 /jX )»| 

7ri(A:\x*;*) 



tti(^i; (*,yi)) 
7n(X\x*;*) 



where 



. ,N, and hence Proposition 16 . 1 61 follows . 
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